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We consider the leakage suppression problem of a three-level system in which the first two levels
are the qubit system and the third, weakly-coupled to the second, is the leakage state. We show that
phase- and amplitude-controlled two (three) pulses are sufficient for arbitrary qubit controls from
the ground (an arbitrary) initial state, with leakage suppressed up to the first order of perturbation
without additional pulse-area cost. A proof-of-principle experiment was performed with shaped
femtosecond optical pulses and atomic rubidium showing a good agreement with the theory.
PACS numbers:
Introduction : Quantum two-level system stores quan-
tum information (qubit), being the basic building block
in quantum information science and engineering. How-
ever, in many physical systems, including atom and ion
systems [1, 2], superconducting qubits [3, 4], and quan-
tum dots [5], nature provides imperfect two-level sys-
tems, that are the two-level subspace, weakly coupled
to the remaining Hilbert space of a multi-level system.
Leakage transitions to unwanted energy levels are often
a critical source of control errors in many physical imple-
mentations. Pulse shaping and optimal control theories
have been developed to deal with the leakages and as
a result to increase gate operation fidelities: there have
been a plethora of model considerations for many coupled
qubit systems including nuclear spins [6], superconduct-
ing qubits [7, 8], and atoms [9, 10], to list a few. However,
not many of them are realizable due to the current tech-
nical limit of pulse-shaping hardware. Alternatively an-
alytic waveform designing based on physical models has
been considered: one example suitable for weakly cou-
pled nonlinear qubits is the method known as derivative
removal by adiabatic gate (DRAG) [3, 11, 12], developed
and widely adopted in superconducting qubit implemen-
tations [4, 13]; another is the multiple-pulse approach
known as Majorana decomposition method [14, 15] pro-
posed and experimentally demonstrated recently [16].
Short-pulse control schemes [17] are often taken for
quantum systems with a limited coherence time, but they
could lead to rather significant leakage, especially as con-
trol bandwidth is increased comparable to intraband en-
ergies. In that regards, leakage suppression scheme is
particularly necessary for quantum gates operating in the
non-adiabatic interaction regime. For example, the time
scales of ultrafast optical interactions are particularly
promising for extremely fast gate operations on atomic
and ion systems [18], but both the DRAG and Majorana
decomposition methods are unsuitable: the first requires
too complex waveforms intractable in current technolo-
gies and the second only works for specific target states
without individual coupling control.
In this paper, we consider leakage suppression by sub-
sequent pulsed operations. We take an approach of tran-
sition pathway engineering to remove the leakage with
a programmed pulse sequence. In a three-level system,
it is found that an additional pulse is sufficient for leak-
age suppression during any qubit preparation (from the
ground-state to an arbitrary state) and two pulses for any
qubit rotation (from an arbitrary state to an arbitrary
state). The experiments performed with cold rubidium
atoms and ultrafast laser pulses show a good agreement
with the prediction.
System : We consider a three-level system (|0〉, |1〉, and
|2〉 with energies 0, ~ω1, and ~ω2, respectively) in the
ladder-type configuration, in which the first two levels
are the qubit states and the third is the leakage state.
The interaction Hamiltonian H (in unit of ~ ≡ 1) for an
electric-field E(t) = E0(t) cos(ωLt + φ) reads after the
rotation wave approximation:
H =
2∑
i=0
∆iΠi +
2∑
i,j=0
i<j
λij
2
(
Ωx σ
(x)
ij − Ωy σ(y)ij
)
, (1)
where Πi = |i〉〈i| and σ(k)ij are the identity and Pauli ma-
trices, respectively, for k = x, y, z and i, j = 0, 1, 2. Ωx
and Ωy are the real and imaginary parts of the Rabi oscil-
lation frequency defined by Ω = µ01E0 exp(iφ) between
the first and second levels, where µ01 is the dipole mo-
ment. Scaled dipole moments are given by λij = 0 except
λ01 = 1 and λ12 = λ; and detunings are ∆1 = ω1 − ωL
and ∆2 = ω2 − 2ωL.
Should the quantum information be carried by the first
two states, |0〉 and |1〉, (e.g., initial state |ψ(t = 0)〉 =
ai|0〉 + bi|1〉), the Hamiltonian can be divided into two
parts, the qubit system Hamiltonian Hq and the leakage
coupling Hamiltonian Hl, respectively given by
Hq =
2∑
i=0
∆iΠi +
λ01
2
(Ωx σ
(x)
01 − Ωy σ(y)01 ), (2a)
Hl =
λ12
2
(Ωx σ
(x)
12 − Ωy σ(y)12 ). (2b)
The unitary matrix for the total system dynamics can
be also conveniently divided into two parts, i.e., U ≡
U (q)U (l), where U (q) (the qubit dynamics) and U (l) (the
leakage dynamics) are respectively governed by the fol-
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i
dU (q)
dt
= HqU
(q), (3a)
i
dU (l)
dt
= U (q)†HlU (q)U (l) ≡ H ′IU (l). (3b)
The resulting effective leakage Hamiltonian H ′I is
H ′I =
λ
2
(Ω∗U (q)10 e
i∆2tσ−02 + ΩU
(q)
10
†
e−i∆2tσ+02)
+
λ
2
(Ω∗U (q)11 e
i∆2tσ−12 + ΩU
(q)
11
†
e−i∆2tσ+12). (4)
where U
(q)
ij are the effective couplings defined by Eq. (3a)
and σ±ij = (σ
(x)
ij ± iσ(y)ij )/2. So, the leakage dynamics is
governed not only by the electric-field (λΩ) but also by
the qubit dynamics (U (q)).
When λ is small (weakly-coupled leakage), the leakage
is obtained by eliminating the first-order perturbation
terms of the Dyson series, or
cl = −ai iλ
2
∫ ∞
−∞
Ω∗U (q)10 e
i∆2tdt−bi iλ
2
∫ ∞
−∞
Ω∗U (q)11 e
i∆2tdt,
(5)
where cl is the leakage state coefficient after the interac-
tion. Then, the qubit operation fidelity [24–26] is defined
by
F = |〈ψ(0)|U (q)†U (q)U (l)|ψ(0)〉| ' 1− 1
2
|cl|2, (6)
up to the first-order perturbation of the leakage.
Leakage suppression with two pulses : Now we consider
leakage suppression (cl = 0) with two pulses, which can
be achieved for arbitrary final qubit-states from initial
ground state (i.e., ai = 1). We define the two pulses by
E1 = E0 exp(−t2/τ2) and E2 = γE0 exp(−(t− td)2/τ2),
with corresponding Rabi frequencies Ω1 and Ω2, re-
spectively. When the time-dependent pulse-area is de-
fined by A(t) =
∫ t
−∞ µ12(1 + γ)E0 exp(−t′2/τ2)dt′, the
corresponding time-dependent pulse-areas are given by
A(t)/(1 + γ) and γA(t − td)/(1 + γ). For the total
pulse-area given by Θ = A(∞), the target state becomes
|ψf 〉 = cos Θ/2|0〉 − i sin Θ/2|1〉. The carrier envelope
phase (CEP) is assumed to be zero (i.e., φ = 0), without
loss of generality. Then, Eq. (5) becomes
cl = −
∫ ∞
−∞
λΩ1(t)
2
sin
A(t)
2(1 + γ)
ei∆2tdt−
∫ ∞
−∞
λΩ2(t1)
2
cos
A(∞)
2(1 + γ)
sin
γA(t1)
2(1 + γ)
ei∆2(t1+td)dt1
−
∫ ∞
−∞
λΩ2(t1)
2
sin
A(∞)
2(1 + γ)
cos
γA(t1)
2(1 + γ)
ei∆2(t1+td)dt1, (7)
where t1 = t− td. An algebraic solution for this leakage
suppression (cl = 0) is then obtained as
γ =
(
1− 2
Θ
cos−1
1 + cos Θ2
2
)(
2
Θ
cos−1
1 + cos Θ2
2
)−1
(8)
with time-delay phase φd ≡ ∆2td = pi, that sets the
three terms in Eq. (7) all in phase, for short laser pulses
with laser bandwidth considerably bigger than the two-
photon detuning ∆2 under which the interaction phase
∆2t is maintained constant during the interaction (short-
pulse approximation). In Fig. 1, the solution in Eq. (8)
is compared with the time-dependent Schro¨dinger equa-
tion calculation for various laser bandwidths (∆ωFWHM,
electric-field bandwidth), which shows that the full cov-
erage of a Rabi half-cycle, Θ ∈ [0, pi], is experimentally
achievable with this leakage suppression scheme.
Leakage suppression in other systems such as V-type
and Λ-type three-level systems can be also considered
similarly. It is found that the Λ-type systems provide
the same leakage suppression condition as Eq. (8). In the
V-type systems, for example with λ12 = 0 but λ02 = λ in
Eq. (1), the condition is obtained in a slightly different
form as
γ(V) =
(
1− 2
Θ
sin−1
sin Θ2
2
)(
2
Θ
sin−1
sin Θ2
2
)−1
. (9)
Leakage suppression with three pulses : In general,
qubit gate operations require initial state independent
operations. In this case, both ai and bi in Eq. (5) are
nonzero, so the leakage suppression needs two additional
pulses, or total three pulses. When the three pulses are
defined by E1 = αE0 exp(−t2/τ2), E2 = βE0 exp(−(t −
td1)
2/τ2), and E3 = (1 − α − β)E0 exp(−(t − td2)2/τ2),
the leakage suppression (cl = 0) under the short pulse
approximation is given by two equations:
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FIG. 1: (Color online) (a) Leakage suppression condition (cl = 0) of the two-pulse scheme in Eq. (7) for various laser bandwidths.
The short-pulse approximation (SPA) solution in Eq. (8) (thick solid line) is shown in comparison with Eq. (7) for pulses
with various bandwidths (∆ωFWHM/∆2 = 2.5, 3.4, · · · , 15). Our experiment corresponds to ∆ωFWHM = 3.4∆2 which is well
approximated by the SPA solution up to Θ ∼ 1.5pi. (b) Leakage-state population (Pl) is compared before and after the leakage
suppression, where the SPA solution in Eq. (8) is used for various laser bandwidths. The numerical calculation is performed
with λ = 0.34 (atomic rubidium condition, see Experiment).
(1− eiφd1) cos αΘ
2
+ (eiφd1 − eiφd2) cos (α+ β)Θ
2
+ eiφd2 cos
Θ
2
= 1, (10a)
(1− eiφd1) sin αΘ
2
+ (eiφd1 − eiφd2) sin (α+ β)Θ
2
+ eiφd2 sin
Θ
2
= 0, (10b)
where αΘ and βΘ are the pulse-areas; φd1,2 are the phase
delay due to the pulse intervals. One simple example is
obtained for φd1 = pi and φd2 = 0 as
2 cos
αΘ
2
− 2 cos (α+ β)Θ
2
+ cos
Θ
2
= 1, (11a)
2 sin
αΘ
2
− 2 sin (α+ β)Θ
2
+ sin
Θ
2
= 0. (11b)
The fidelity F(α, β) after X(pi) rotation is plotted in
Fig. 2, respectively for three distinct initial states: (a) the
ground state (ai, bi) = (1, 0), (b) a superposition state
(1/
√
2, 1/
√
2), and (c) the excited state (0, 1). The high
fidelity (F > 0.99) pattern on the (α, β) plane depends
on initial states; however, the optimal solutions (stars in
the figures) from Eq. (11) are the same. As a function of
Θ, the optimal solution is plotted in Fig. 2(d).
Experiment : Experimental verification was performed
with atomic rubidium 5S1/2, 5P3/2 and 5D states (|0〉,
|1〉, and |2〉, respectively). The resonance frequency be-
tween 5S and 5P states is λ = 780 nm and between
5P3/2 and 5D states is 776 nm, where the 5D fine-
structure sub-levels are treated as one through Morris-
Shore transformation [19]. Experiment setup is described
in our previous works [20, 21]. In brief, 87Rb cold
atoms were prepared in a magneto optical trap (MOT)
and to ensure uniform laser-atom interaction the size
of the atomic cloud was kept about 80% of laser field
diameter [21]. Short laser pulses were produced from
a Ti:sapphire mode-locked laser amplifier operating at
1 kHz repetition. The sequence of two or three pulses
was programmed with an acousto-optic programmable
dispersive filter (AOPDF) [22]. The center frequency was
λcenter = 780 nm and the bandwidth was ∆wFWHM =
4.5× 1013 rad/s (corresponding to τ = 75 fs), where the
bandwidth was limited by the one-photon transition to
5P1/2. The time delay between pulses was about 714 fs,
corresponding to 2∆td = 3.1pi, and the relative phase
was kept less than pi/10 due to experimental imperfec-
tion. The pulse-area of the control pulse was controlled
with a half-wave plate placed between a pair of cross po-
larizers. Probing the leakage state (5D) population was
performed by ionizing the 5D state atoms with a 780 nm
probe pulse after the resonance frequencies of 5S-5P3/2
and 5P3/2-5D were eliminated using a knife edge in the
pulse compressor of the laser amplifier. The ion signal
was collected by a microchannel plate (MCP). Three-
photon ionization signal was subtracted from data us-
ing ion signals without the probe pulse which detected
three-photon ionization only. The entire experiment was
repeated at a rate of 2 Hz.
The experimental result of the two-pulse leakage sup-
pression is shown in Fig. 3(a), where the two-photon leak-
age to 5D state is plotted as a function of the total pulse-
area (Θ) and the relative amplitude (γ) between the two
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FIG. 2: (Color online) (a-c) Fidelity map F(α, β) for X(pi)-
rotation initiated from three characteristic states: (a) the
ground state (ai = 1, bi = 0), (b) the superposition state
(ai = 1/
√
2, bi = 1/
√
2), and (c) the excited state (ai = 0,
bi = 1). The high fidelity regions calculated by TDSE are
plotted, where white stars indicate the Eq. (11) solution point
(α = 0.27, β = 0.46, common in all three figures) for X(pi)-
rotation. (d) The solutions of Eq. (11) for (α, β). The TDSE
calculations in (a) are performed with λ = 0.34 (atomic ru-
bidium) and ωFWHM = 15∆2 (near the SPA condition).
pulses. In comparison, corresponding numerical TDSE
calculation is plotted in Fig. 3(b). In the both figures,
the dashed lines represent the leakage suppression condi-
tion in Eq. (8), showing a qualitatively good agreement.
In Fig. 3(c), the leakages (Pl = |cl|2) after a half (Θ = pi,
blue) and full (Θ = 2pi, red) Rabi cycles are respectively
plotted as a function of γ, where the data are extracted
along the vertical lines in Figs. 3(a) and 3(b).
In Fig. 4, the qubit rotation fidelity is estimated for
our leakage suppression scheme. Using the experimen-
tally measured leakages Pl = |cf |2 extracted along the
short-pulse approximation condition (white dashed line)
in Fig. (3)(a), the first-order perturbation fidelity (cir-
cles), defined in Eq. (6), is calculated using the data
extracted, and compared with the corresponding theo-
retical line (solid line). Direct TDSE calculations for the
fidelity without the assumption of the first-order pertur-
bation are also shown for the two-pulse scheme (green
dotted line) and for the single transform-limited pulse
case (blue dashed line). The estimated infidelity less than
0.025 is achieved in the Θ range from zero up to 2pi, using
the two-pulse leakage suppression scheme.
Conclusion : We proposed a pulsed leakage suppres-
sion scheme and verified its validity using a proof-of-
principle experimental demonstration. The leakage tran-
sition in a three-level atomic rubidium system was suc-
cessfully removed through coherent destructive interfer-
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FIG. 3: (Color online) (a) Experimental result, where the
leakage state (5D) population is measured as a function of the
total pulse area (Θ) and the relative amplitude (γ). White
dashed line represents the leakage suppression condition un-
der the short-pulse approximation from Eq. 8. (b) Corre-
sponding numerical calculation. (c) Comparison between the
experiment (diamonds) and theory (solid lines) for Θ = pi and
2pi, extracted along the white dotted lines in (a) and (b).
ence coherently controlled with an ultrafast pulse se-
quence. The technique promises high-fidelity (exceed-
ing F > 0.98) qubit rotations, requiring only phase-
maintained and amplitude-controlled two pulses, for
qubit rotations of a ground-state qubit, or three pulses,
for general qubit rotations from an arbitrary initial state.
It is expected that this coherent control scheme can be
further simplified with a compressed single pulse [23] and
applicable not only for high fidelity quantum control but
also for extremely high-speed quantum operations.
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FIG. 4: (Color online) Qubit-rotation fidelity F(Θ). Exper-
imental fidelity F ' 1 − Pl/2 in Eq. (6), the first-order per-
turbation approximation, is estimated (circles) using the data
from Fig. 3(a), overlapped with the corresponding theoretical
estimation (solid line). In comparison, TDSE calculation for
the exact fidelity F = |〈ψ(0)|U (q)†U (q)U (l)|ψ(0)〉| is shown for
the two-pulse leakage suppression scheme (green dotted line)
and for the single transform-limited pulse case (blue dashed
line).
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